During the past decades considerable progress has been made in our ability to model, identify and control complex systems. Identification and control of linear systems is well established and also certain classes of nonlinear systems have been analyzed in detail. Nonlinear systems, however, have such a variety of possible structures, that no representation is likely to be universally valid for their identification from experimental data. Many approaches to this problem have been pursued, some of which are apparently general but limited in practice due to computational complexity. What may be needed to make further progress is a change in orientation or approach; more specifically the use of soft computing, rather than hard computing.
Soft computing is tolerant of imprecision, uncertainty and partial truth; its principal constituents are fuzzy logic, neurocomputing and probabilistic reasoning. The nonlinear dynamic system which will be the focus of this investigation can be described by the following discrete nonlinear regression model:
Yk+l =fi.Fk, -.., Yk-n+l, Uk, "", Uk rod+l) (1) where k is the discrete time, m and n are model orders, d is a pure delay, y is the process output and u is the process input. Equation (1) can also be written more conveniently as: *Present address: AKZO-Nobel Information Services, Velperweg 76, 6824 BM Arnhem, The Netherlands. *Author to whom correspondence should be addressed. Yk+l = f(D~) (2) where D K is the regression vector D k= {u~,)~) i=k-m-d+ 1 ...k,j=k-n+ l...k} (3) The function off in Equation ( 2) describes a hyper surface; identification of the model means approximation of this surface. Appendix I illustrates this concept with an example. The key idea in fuzzy modeling is to use a simple linguistic description of the process instead of precise mathematical relations between the variables. A fuzzy model can be regarded as a nonlinear mapping between discrete, mutually overlapping regions in model input and output spaces. Several approaches to fuzzy modeling have been presented in the literature. There are three distinct classes of fuzzy models. Fuzzy relational models ~4 are based on the theory of fuzzy relations and relational equations. Fuzzy linguistic models 5, 6 and fuzzy linear models 7-9 make use of IF-THEN rules.
Fuzzy relational models
Fuzzy relational models use fuzzy relations to capture associations between fuzzy regions in system input, state and output domains. Formally a fuzzy relational model of a single input-single output (SISO) system can be written as a generalization of a standard difference equation (4) where U(k) and Y(k) are the fuzzy representation of the input u(k) and the output y(k) at time k with respect to reference fuzzy sets defined in the input-output universe; m and n are model orders. R is a multi-dimensional fuzzy relation R "Ux...xUxY x...x Y --+ [0,1] • r ' ' : (5) m times n times defined in Cartesian product of the input and output universes U and Y. The • symbol denotes relational composition. The algorithm to calculate the model output is:
1. Fuzzification, find the degree of membership of inputs, past inputs and past outputs in the reference fuzzy sets. 2. Calculate the output fuzzy set, using relational composition [Equation (4)]. 3. Defuzzification of the output fuzzy set, using usually the fuzzy-mean method.
As an example 1°, consider a SISO model Y = X. R with three reference fuzzy sets in both input and output (e.g. LOW, MEDIUM, HIGH) and the fuzzy relation: 0.9 0.4 0.11 R= 0.3 1.0 0.1 (6) 0.0 0.6 1.0 This relation defines three rules, each with three weighted consequents. For instance, the first row of the relation matrix reads:
RI: if x is LOW then y is LOW (0.9), MEDIUM (0.4), HIGH (0.1)
Fuzzy linguistic models
The idea of linguistic modeling was introduced in the pioneering papers of Zadeh a~ and applied by Mamdani ~2 to fuzzy control of dynamical processes. Therefore, this class of fuzzy model is also called Mamdani's model, but in this article the term linguistic model is used consistently. In a typical linguistic rule if x I is SMALL and x 2 is LARGE... then y is BIG prermse consequent (7) both the rule premise and the consequents are defined by means of fuzzy sets. To analyze the models, the theory of fuzzy relations can be applied.
Fuzzy linear models
A class of fuzzy models introduced by Takagi 
where u(k -1) and y(k -1) are premise variables, linguistic terms like SMALL, LARGE, etc, are defined as fuzzy sets, pj are consequent parameters different for each rule. A generalized ith rule of a fuzzy linear model of a MISO system will look like: 
I=1
where y*= [y*(k -1) ..... y'(k -n)] IS a vector with fuzzifled past outputs, y(k) the model output, u(k -j) and y(k -1) the past inputs and output, n and m are the model orders, N is the number of inputs, p, and py are the consequence parameters of the inputs and output, A i is a matrix with fuzzy sets, b ~ is a vector with fuzzy sets, and l u z (k -1) U 1 (k -2)
is a matrix with all fuzzied past inputs. The overall membership degree of the premise of rule R i can be calculated as:
The model output is computed as a weighted mean of the individual rule contributions:
where/z~ is the overall membership degree of the ith rule premise, y, is the consequent value of the ith rule and K is the total number of rules. As one may expect, it is more difficult to identify fuzzy relational models and fuzzy linguistic models than fuzzy linear models from numerical data, since the structureless nature --similar to a look-up table --of the former two types of models provide a less effective representation. This means that more rules may be needed to approximate a function to any given degree of accuracy than with a fuzzy linear model.
Model identification
In the following sections a new identification method will be discussed, based on fuzzy clustering.
The main idea underlying the use of fuzzy clustering for the identification of nonlinear systems is very simple. In the product space of model inputs and output, the behaviour of a nonlinear dynamic MISO system forms a hypersurface. The model inputs are the recent discrete-time history of the systems inputs u,(k), u,(k -1), u~(k -2) ..... u~(k -m) and the past outputs y(k -1), y(k -2), ..., y(k -n), where m and n are the model orders. Fuzzy clustering is used to fit an a priori specified number of hyperplanes through this nonlinear surface, approximating the system by a collection of local linear models. The theoretical background of this technique has been described by Yoshinari et al. 13 and Yager and Filev~4; Zhao et al. 9,15 also present some simulations.
Fuzzy clustering
Fuzzy clustering is an important tool to identify the structure in data. In general, a fuzzy clustering algorithm with objective function can be formulated as follows: let X = {xJ]j = 1, 2 .... , N} be a finite set of feature vectors in R', where N is the number of measurements and n is the dimension of the input variables, xj = [x(, x~, ..., x~] v and P = (P1, P2 ..... PK) be a K-tuple of prototypes each of which characterizes one of the K clusters; a partition of X into K fuzzy clusters will be performed by minimizing the objective function 1] , is called a fuzzy Kpartition matrix and satisfies the following conditions:
j=l i=1 u 0 represents the membership grade of feature point xj for cluster P,, d(xj, P~) is the distance from a feature point xj to cluster P~, m e [1, oo] is a weighting exponent. In words, this means that the input-output product space X (N × n matrix) is divided into K clusters. If the fuzzy exponent m > 1 then each feature belongs to each cluster with a membership value u = [0, 1]. The total of all membership values of a feature is equal to 1. A cluster can have different shapes, depending on the choice of prototypes. The calculation of the membership values is dependent on the definition of the distance measure. Thus if a feature is closer to a cluster, the membership value of this feature to this cluster will be higher. According to the choice of prototypes and the definition of the distance measure, different fuzzy clustering algorithms are obtained. If the prototype of a cluster is a point --the cluster center --it will give spherical clusters, if the prototype is a line it will give tubular clusters, and so on. In view of the linear form of the consequence part in linear fuzzy models, an obvious choice of fuzzy clustering is the fuzzy C-varieties (FCV) algorithm, in which linear or planar clusters are allowed as prototypes to be sought. Another algorithm, fuzzy C-elliptotypes (FCE) has a convex combination of distance measures. Both algorithms, however, are not suitable for seeking linear or planar clusters ~6, because they seek infinitely spanned linear and planar clusters. The Gustafson-Kessel (GK) algorithm is one of the clustering algorithms which are the most appropriate for linear or planar clusters.
GustaJson-Kessel (GK) clustering algorithm
The GK algorithm ~7, which is the fuzzy generalization of the Adaptive Distance Dynamic Clusters algorithm ~, searches for ellipsoidal clusters. It can be used for linear or planar clusters because this type of cluster can be viewed as a special case of ellipsoids for which one or more radii are zero.
In the GK algorithm, the distance from a point xj to a cluster Pi is
where v~ and M, = IF,.[ ~/" F ~ are the cluster center and a positive-definite symmetric matrix related to the covariance matrix F~ of the ith prototype, and n is the dimension of the input-output product space. The GK algorithm characterizes the geometric structures of clusters better than other algorithms used in identification of fuzzy models 13,16,~8. The shapes of the ith cluster can be described, to some extent, by the scatter matrix 19
If the set of data concentrated around the center forms an ellipsoidal shaped cluster, then the principal axes of the ellipsoid will be given approximately by the eigenvectors of S,, and the relative length of the axes by the corresponding eigenvalues.
The GK algorithm may be formulated as follows: given a set of data {xjlj = 1, 2 ..... N} and initial guesses for cluster center vi, covariance matrix F~, and the fuzzy partition matrix U = [uo], the following steps can be performed iteratively:
compute the membership values
if d2(xj, P~) = 0 for some i = k, set ukj = 1, and V i ~ k, u,j = 0.
compute new cluster centers
until a specified convergence criterion is satisfied, e.g. max [ Au,jl < e. The cluster center matrix is randomly initialized, and the covariance matrix is initialized with the identity matrix. The fuzzy GK clustering uses two parameters, a weighting exponent m (m = [1, ~] , for a crisp model m = 1, fuzzy model m > 1 but mostly m = 2) also called the fuzzy exponent, and the number of clusters K.
Modified compatible cluster merging (MCCM) algorithm
Making a fuzzy model of a dynamic nonlinear process requires the tuning of many parameters. Doing this heuristically is tedious and time consuming. Clustering techniques provide an easier way for forming fuzzy models using measurements made on the system. However, the number of clusters, the number of rules in the rule base, must be determined a priori. In order to limit the number of rules, it is recommended to merge clusters which show a certain degree of conformity. For this purpose Kaymak 2° developed a new algorithm called the modified compatible cluster merging (MCCM) algorithm. The key elements of this algorithm are criteria which measure the degree of compatibility between clusters. These criteria are based on the cluster distances and eigenvectors of the covariance matrices of the clusters which the GK algorithm finds. Let the centers of two clusters be v~ and vj. Let the eigenvectors of the two clusters be {0~,~ ..... ~,,,} and {Oj,, ..... ~j,,}. It is assumed that the vectors are arranged in descending order. The following criteria are defined for merging clusters: I~,., " q~j.,! > clo, cl,j close to 1 (20) I[vi -viii ~ c20, c20 close to 0 (21) Since the samples in a cluster lie approximately on a hyperplane, the first criterion states that the clusters should be merged if the hyperplanes are almost parallel. The second criterion states that the clusters should be sufficiently close to be merged. By evaluating these criteria for all pairs of clusters, one obtains the matrices Cl[c 10] and C2[c2ij] whose elements indicate the degree of similarity between the ith and jth clusters measured according to the corresponding criterion. The aforementioned two criteria are by themselves not sufficient for successfully establishing which clusters should be merged. Therefore a decision making algorithm is used. The algorithm takes as its inputs the matrices C1 and C2 and maps every element onto a two-dimensional space using twq membership functions, resulting in the matrices C1 and C2. The membership functions indicate the degree of compatibility between two clusters, based on the evidence from the corresponding criterion.
The membership functions, which are of the exponential type, are depicted in Figure 1 . The points aa and bb which limit the support of the membership functions are calculated as follows: 
A coefficient equal to 7 is used in Equation (23) since exponential functions never result in a membership of zero (e -7 -=-0.001).
Notice that the criteria of parallelity and closeness of clusters may partially compensate each other. In other words, two clusters that are slightly non-parallel but very close may need to be merged. The same applies to the clusters which are parallel but somewhat far from each other. Taking this fact into account, the elements of the matrices C1 and C2 are combined to form the matrix S ~0] using the geometric mean as the decision operator:
This operator allows for partial compensation between the criteria [Equations (20) and (21) indicate the overall degree of compatibility between the clusters i and j. The diagonal elements of S are by definition equal to 1.
Merging clusters
The next step is to determine which clusters are to be merged, given the similarity matrix S. This is done by using the fuzzy relational clustering method 2~. In this method, a matrix of similarity measures is converged to a solution by employing the well-known max-rain composition several times. The resulting matrix is thresholded with a predetermined and problem dependent threshold value T()'= [0, 1], 0 means clusters will always be merged, 1 means clusters will never be merged). This results in a partition of the clusters and from this information one may determine the candidate groups of clusters to be merged.
For example, given the matrices CI and C2 [see Equations (20) and (21) With a threshold value )' = 0.8 only clusters 1 and 2 are candidates for merging. The modified cluster merging technique is used and merging compatibility conditions are checked with the threshold )'= 0.8. Kaymak 2° recommends to choose the threshold between 0.75 and 0.55, depending on the nonlinearity of the system. To The membership functions F~ and !L: with uu 0.8 and check if the threshold of ~'= 0.8 is reasonable, first a test run is done with a threshold of )'= 0.01 (this means that after every epoch always two clusters will be merged).
Before each cluster merging, the similarity matrix is calculated. The two clusters with the highest similarity index will be merged. If one plots all the highest similarity indices versus the number of clusters, one will find a curve like the one shown in Figure 2 . It is advisable to choose the threshold to be the same as the similarity index of the clusters at the inflection point of the curve.
Membership rotation and projection
After clustering and cluster merging, one has obtained the optimal number of clusters, hence the number of rules in the rulebase. The validity regions of the clusters must be extracted from the clustering results. These validity regions are encapsulated within the fuzzy K-partition matrix [Equation (13)]. In order to extract the regions, the input-output product space has to be projected onto the input product space. Hence one dimension is lost: the output. Now the membership function must be retrieved from the fuzzy K-partition matrix. To do so, both Zhao et al. 9 and Babu~ka and Verbruggen l" project the membership of each feature onto the input vari- Babu;ka and Verbruggen, however, use a low pass filter to filter the noise, followed by a least squares method to fit the projection in an exponential membership function. Both methods may give serious problems when a cluster is not orientated in the direction of an input variable. Projection on the input product space can result in the loss of information• The loss will be minimal if a cluster is orientated in the main direction of the input space. The main direction of a cluster is indicated by the largest eigenvector of the covariance matrix of this cluster. The loss of information is maximal if the cluster is not orientated as one of the input variables. In that case reconstruction of the projected membership functions will represent a cluster which is maximally different from the original cluster.
It is very likely that the fuzzy clusters have an orientation in relation to input product space: the input variables u and y. That is the reason why the projection of the cluster memberships on the system input give blurred membership functions. Zhao et al. and Babu;ka and Verbruggen tried to improve these blurred projections by filtering and fitting.
We propose a new method to extract membership functions used in the premise of the fuzzy model. By the definition of a cluster it is stated that the sum of the memberships u o of all clusters i for the jth feature is equal to 1:
i=l If two clusters k, and k,, are adjacent, then there will be features xj with (u,j = 0.5 AND Umj ~ 0.5). All features which match this condition, can be fitted in a n -1 dimensional hyperplane (n -1 is the dimension of the input space). The normal of the hyperplane is the direction in which the fuzzy K-partition matrix has to be transformed. Projecting the transformed fuzzy K-partition matrix will give a clear projection. The membership function belonging to rules n and m can now be calculated, by fitting the projection into a preferred membership function (e.g. trapezoidal, exponential or sigmoidal).
The input product space of the example of Figure 3 Rotation is needed for each two adjacent clusters. This means for the partition in Figure 4 (left) that the input space must be transformed twice (two boundaries)• Because cluster k2 has two adjacent clusters, the premise of that rule will contain two fuzzy sets, one for each boundary• For Figure 4 (right), this means that the input space must be transformed three times. Rules 1 and 4 will have one fuzzy set in the premise. Rules 2 and 3, however, will have three fuzzy sets in the premise.
At this stage of identification of the fuzzy model, the number of rules are known, just like the premise of the model. The consequence parameters of each rule can now be retrieved from the fuzzy K-partition matrix. A new method for calculation of these parameters will be presented in the next section.
Direct calculation method of consequence parameters
There are different ways to extract the consequence parameters from the fuzzy K-partition matrix. They can be extracted from the membership matrix U-which holds the membership of each feature xj to each cluster k --and the data set :~). Zhao et al. and Babu~ka and Verbruggen used a weighted least squares algorithm to fit the data, weighted with the membership, into a hyperplane. It is questionable if it is necessary to use a fitting algorithm twice. The fuzzy GK clustering can also be interpreted as a fitting algorithm. This is a good reason to propose a new method for calculation of the consequence parameters, based on the clustering result only. The following section will demonstrate that the new method is not only simpler but also faster if large data sets are used.
The consequence of the ith rule of the rule base Y' = Pl + P;I{I + "'" + PtnU2-1
can be considered as a n-dimensional hyperplane. Let, for each ith cluster, F, be the covariance matrix, and vi the cluster center. Let [~0~ ,a ..... q~, .,} be the eigenvectors of the covariance matrix of the ith cluster, arranged in descending order. The principal axis of the hyperplane will be given approximately by the n -1 largest eigenvectors. To calculate the offset or bias term Pl, a point on the hyperplane is needed. There is only one point that lies exactly on the ith hyperplane: the ith cluster center v,. Basically we have n variables and n unknown parameters, thus n points on the hyperplane are needed• To retrieve those points the eigenvectors can be added to the cluster center: (33)
Optimization of model parameters
Many papers about fuzzy modeling use optimization of model parameters. Often a least square method is used. Optimization of consequence parameters may give a perfect global fit but can also lead to a bad local representation of the system. In this case a minor change in the premise parameters may give a major change in the consequence parameters.
Optimization of premise parameters can lead to crisp boundaries of rules instead of fuzzy boundaries. The fuzzy clustering algorithm is already an optimization algorithm, for these reasons we do not use optimization of the model parameters. 24)]. Choose the CCM threshold y 5. perform the cluster rotation technique 6. project the rotated input space onto the (transformed) input variables 7. calculate the consequence parameters using the direct method.
Summary of the identification algorithm

Simulations
The proposed technique has been applied to two processes: a nonlinear dynamic system described by Zhao It can be seen that for the rules, the fuzzy sets of y(k -1) are 'flat'. This implies that y(k -1) has no meaningful influence on the rules and can be removed. It is clearly visible that rotation of the fuzzy partition matrix is necessary, because the memberships u(k -1) are blurred. These blurred projections are caused by the orientation of the clusters with respect to the input variables. These orientations are visualized in Removing the non-necessary input variables with 'flat fuzzy sets' from the premise parts cannot be viewed as a strict approximation. In a sense, it is a heuristic method since the distribution of the input-output samples are not considered. These flat fuzzy sets can be regarded as the fuzzy label ANY (instead of HIGH or VERY LOW), which is not a restriction. This fuzzy model is validated by using an input signal, which is composed of some steps, noise and a first order time lag. Figure 7 shows the responses of the system and the final fuzzy model.
The performance of the new identification method compared to the identification method proposed by Zhao et al. 9 is shown in Table 1 .
The second system on which the fuzzy modeling approach was applied was the bioreactor described by Agrawal et al. z2 . This process is extremely nonlinear. A detailed description of the reactor is given in Appendix II. An identification data set was created, consisting of 1500 features, uniformly and randomly distributed. The domain of the input variables were: • ,0,05 I  I  I  I  I  I  I  I  I  0  20  40  60  80  100  120  140  160  180 Output signals of the fuzzy model (Yk) and the real system .,~3~ v.,,-,~.*-t.',af.g~ The output of the nonlinear bioreactor and the fuzzy model for a variation in the reactor input are shown in Figure 8 . In this case it was difficult to find the transformation vectors, due to the extreme nonlinearity of the model, and the limited number of rules which generated to describe this model. In addition, more research will be needed to develop a systematic approach for finding transformation vectors in more-dimensional systems.
2O0
Comparison to related work
In the foregoing sections reference was already made to the work of Takagi and Sugeno 7, Babu~ka and Kaymak 8 and Zhao et al. 9 . Also the differences between these authors and the present investigations were highlighted. Johansen and Foss 23 recently published a semiempirical modeling approach to nonlinear dynamic systems through identification of operating regimes and local models. In this approach, the operating space is decomposed into operating regimes and variables which In our work no operating regimes are pre-defined, and no a priori process knowledge is required.
Conclusions
An identification method for fuzzy models was proposed and tested on two processes. In the method two new features were proposed: membership rotation and direct calculation of the consequence parameters. Membership rotation has the advantage that membership functions can be extracted which are less blurred, thus more accurately defined. The direct calculation of the consequence parameters has the advantage that the additional minimization step of fitting the data, weighted with the membership, into a hyperplane, can be omitted. As a result, the newly proposed method leads to fuzzy models which describes the real system behavior more accurately. The major advantage of the fuzzy models over a neural network model or the original nonlinear model is its relative simplicity. In addition the fuzzy model has fewer parameters than a neural network and is structurally more attractive.
Appendix I: Function approximation concept
Consider a first order nonlinear dynamic system described by: y(k + 1) = y(k) + u(k) • e-3ly(k) I (I.1)
For a random sequence u(k), the output y(k) will be measured. After estimation of m, n and d, which are in this case m --n --1 and d = 0, an initial dataset can be created: ([.2)
The dynamic system can be described as:
The function f describes the relation between the regression matrix D (the measurements) and the output of the systems Y. The geometric interpretation of Equation (I.3) is that system describes a subspace in R( .... ~1 in which f describes a hypersurface. For this system this means that the function f is a surface in N 3 (See 
